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Abstract

Recent research on the logarithm of matrices
is likely to have a significant impact on optom-
etry. The purpose of this paper is to draw atten-
tion to this research and show application to the
calculation of an average centred Gaussian eye
in particular. The paper makes use of Cardoso’s
method to obtain an explicit expression for the
logarithm of a transference. The arithmetic aver-
age of log-transferences leads to a transference
which can be regarded as the transference of the
average eye for the set. A numerical example is
presented.

Most quantitative studies require, at some
point, the calculation of an average. This fact
has been the source of surprising difficulty in
optometric research in particular. How does one
calculate an average visual acuity or an average
refractive error for example? These particular
issues are discussed elsewhere! > The prob-
lem of calculating an average refractive error
was solved as recently as 1983 by Keating; he
showed that the average could be obtained as
the arithmetic average of dioptric power matri-
ces.” But what about whole eyes? How can one
calculate an average that in some sense averages
the optical character of eyes in a set? This ques-
tion has been the topic of recent work.*® While
some unresolved issues remain it appears that

the exponential-mean-logarithm of the transfer-
ence may be the solution to the problem of the
average eye. However, the trouble with the
calculation of the exponential-mean-log trans-
ference, as described so far*, is that it is purely
mechanical; one has to use the matrix exponen-
tial and logarithm functions of specialist soft-
ware like MATLAB. The functions are infinite
series which make the mathematics anything
but transparent and give little or no insight.

A doctoral thesis on the matrix logarithm,
published in Portugal in 2003 by Cardoso',
now casts considerable light on the problem.
The purpose of this paper is to draw attention
to Cardoso’s work which the author believes is
destined to play a significant role in optometry
and ophthalmology. More particularly the pa-
per obtains an explicit exact expression for the
logarithm of a transference and illustrates its
use by applying it to the problem of the average
Gaussian eye, that is, the eye that can be treated
with traditional two-dimensional linear optics.
Astigmatism is ignored and so are the effects
of prismatic and decentred elements. The ap-
proach gives considerable insight and allows the
calculation of the average Gaussian eye without
the need for specialist computational software.

We begin by reviewing the concept of the
transference of an optical system and the prob-
lem of calculating an average eye. We then use
Cardoso’s results'™ "' to obtain an explicit ex-
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pression for the log-transference and for recover-
ing a transference from its logarithm. Lastly we
show, by means of a numerical example, applica-
tion to the calculation of an average of two eyes.
Our approach is mathematically informal. There
are many technical mathematical issues which we
shall ignore for the most part. The reader wishing
to follow them up might consult the literature.*"!

The transference

The first-order optical nature of a centred
Gaussian optical system is completely charac-
terised by the transference'> "

A B
- 1
T [C DJ (1)
of the system. A, the dilation, B, the disjugacy,
C, the divergence, and D, the divarication, are
the fundamental first-order optical properties
of the system. (Terminology is discussed else-
where.'*) Other optical properties, called de-
rived properties, of the system can be obtained

from them. Perhaps the simplest example is the
power of the system which is given by'

F=-C )

Another, when the system is an eye, is the cor-
neal-plane refractive error which is given by

FO =B'A. 3)

In fact when the system is an eye the dilation 4
can be regarded as the ametropia of the eye.'®
An eye with 4 = 0 is emmetropic.

An average eye

At first glance one imagines one could calcu-
late an average by simply averaging the trans-
ferences of the eyes in question. The average
transference would then define an average eye.
The strategy fails, however, because of symplec-
ticity. A transference is necessarily symplectic,
which means, in this case, that the transference
has a unit determinant or, in other words, the
fundamental properties are related by
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If one attempts to calculate an average in this
naive way of simply averaging the transferences
one typically obtains an ‘average eye’ with a
‘transference’ whose determinant is generally
not 1. Formally such an average eye, then, can-
not exist. (Nevertheless, despite being funda-
mentally unsound, such naive averages can be
adequate. This is an issue that is discussed fur-
ther below.)

The solution to the problem appears to lie in
the equation

N

~ 1

T = exp| le LogT; |. (5)
i

There is a set of N eyes whose transferences are
T, T is the exponential-mean-log-transference
defined elsewhere.* It is the transference of the
average eye for the set. The exponential of a
square matrix M is defined by the infinite series

M=1+M+LiM?+. 41 M" 4. (6)

where I is an identity matrix. Any square matrix
X that satisfies

exp X=M (7)

is called a logarithm of M. In general there are
many logarithms of any particular matrix M.
However in cases of interest to us there is a
unique real logarithm called the principal loga-
rithm and written LogM. LogM and expM are
given in MATLAB by the functions logm and
expm respectively. Given the transferences of N
eyes application of equation 5 to obtain an aver-
age eye is routine. Several numerical examples
are presented elsewhere.*

Without specialist software like MATLAB
one cannot calculate this average. Even with
MATLAB the calculation is purely mechanical
and gives little insight.

From the transference to its logarithm

Cardoso shows that LogM can be simplified
to a polynomial in M.'!"" Applying his method
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to the transference we find that

LogT =/ (DI + ()T - T). ®)

In the interests of mathematical transparency
this formula for a matrix logarithm is a vast im-
provement on an infinite series. To determine
f1(1) and f5(1) we need the characteristic poly-
nomial of the matrix I — T, namely det(AI — (I
—T)). It turns out to be

A —ph+p ©))
where
p=2(1-5) (10)

and s is the semi-trace of T:
== 1
s = EIIT. (11)

Following Cardoso’s method we use expression
9 to write down

H0)=[ —F—au (12)
l—pu+pu

and
‘ 1
—————du.

fZ() 01— pu+pu (13)

Performing the integrations we obtain

2(1-+5)

o 1-s
tan ! 14
\/1—32 {\/1—32} 9

£i)=

2 -1 -5
f(l)=-———tn"| —|. (15)
1- s 1-52
Substituting into equation 8 and simplifying we
obtain

LogT= k(T—sI) (16)

where

k=2 _tani| 125 | (17)
g™ 1- 52

[ R6)

Given a transference T we obtain s using
equation 11 and & using equation 17. LogT is
then given by equation 16.

From the log-transference to the transference
In order to recover the transference from its
logarithm we proceed as follows. We represent

LogT by T and then write
T2 2|, (18)
¢ D

Its determinant is

d=detT. (19)
Solving equation 16 we find
T=expT=1T+sl, (20)

From equation 16 we obtain a result that simpli-
fies to

a=k(1-5?)

Substituting from equation 17 and solving we
obtain the semi-trace

=1—m2\13f4 1)
1+tan2+/d/4

of the transference.

It follows that the transference T can be cal-
culated from its pr1nc1pal logarithm T as follows:
one obtains d from T using equation 19 and
then s using equation 21; k is obtained in turn by
means of equation 17; and, finally, T is given by
equation 20.

A numerical example

In order to illustrate the use of the formulae
we consider the problem of finding an average
of the following two arbitrarily chosen eyes:
|40[0.003]|10[0.015] and [44[0.003]/8[0.016].
This notation is that used elsewhere."* The first
case represents a refracting surface or thin lens
(the cornea) of power 40 D followed in turn by
a homogeneous gap (the aqueous) of reduced
width 0.003 m, a refracting surface or thin lens
(the natural lens of the eye) of power 10 D and a

The South African Optometrist — September 2005



The log-transference and an average Gaussian eye

homogeneous gap (the vitreous) of reduced width
0.015 m. The transferences of the two eyes are
obtained in the usual manner:'* "

o (1 0015y 1 oY1 0003) 1 0
o 1 )20 1f0 1 J|-40 1

and

. _(1 0016y 1 01 0003) 1 0
2710 1 -8 100 1 \-44 1)

(Notice application of equation 2 in the second and
fourth matrices on the right-hand sides of these
two equations.) The results are

L[ 01480 00176
171 -48.8000 0.9700

and

T 0.0529 0.0186
271 50.9440 0.9760)

Units are omitted. They are the same for all
transferences here: the diagonal entries are unit-
less, the top-right entry is in metres and the bot-
tom-left in dioptres.

As done before* we could make use of the MAT-
LAB functions logm and expm to calculate the aver-
age viaequation 5. Instead we accomplish the same
thing by using the exact expressions given above
for the matrix logarithm (equation 16) and the
matrix exponential (equation 20).

For the first eye equation 11 gives s; = 0.5590
and equation 17 k; = 1.1790. Equation 16 then
gives the log-transference

LOgT 1:k1 (T I—SI)

of the first eye, that is,

Loop, [ 04846 0.0207
(4] = 2
81 7| _57.5360 0.4846

Similarly, for the second eye we find that
s, =0.5144, k, =1.2016 and, hence,

-0.5546 0.0224
—-61.2164 0.5546 )

LogT, =(

The arithmetic average of these two logarithms
is the average log-transference
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T =1(LogT; + LogT,),
that is,

=~ ([ -0.5196 0.0215
-59.3766 0.5196 )

We now have to determine the transference
of the average eye from this log-transference.
From equation 19 we obtain the determinant of
the average log-transference, d =1.0084 . Equa-
tion 21 then gives the semi-trace of the trans-
ference of the average eye, § =0.5367.Equa-
tion 17 gives k=1.1902. Finally, from equation
20 we obtain

T‘:%"i%?l
or

T _ 0.1002  0.0181
(-49.8882 0.9733)

the transference of the average eye.

From equation 3 we find that the eyes have
(corneal-plane) refractive errors 8.43 D and 2.84
D respectively and that the average eye has re-
fractive error 5.54 D. We note that the refractive
error of the average eye differs from the average
of the refractive errors, namely 5.64 D.

It is interesting to note that if we calculate the
average transference naively, that is, merely as
the arithmetic average of the individual transfer-
ences we obtain

0.1004 0.0181
-49.8720 0.9730

which is close to the average T obtained above.
However, the determinant is 0.9996 which shows
that the matrix is not symplectic and, so, cannot
strictly be a transference.

Discussion

It is perhaps surprising that the logarithm of
a transference can be expressed in so elegant a
form as in equation 16. More importantly the
form of the relationships now becomes more
obvious. Insight is greatly enhanced. Potential
routes to solving problems become easier to see.
And so can potential sources of difficulty. For
example one immediately sees from equation 17
that eyes with s2 close to 1 and higher are likely
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to cause difficulty in the sorts of calculation de-
scribed here. In practice, however, one does not
expect problems because, as in the numerical ex-
ample, eyes typically have s close to 1 In actual
fact when s = 1 one can show that £ =1 and equa-
tion 16 simplifies to LogT =T —I. When s<-1
the equations break down; there is in fact no real
logarithm. When s = 0 one finds that
LogT=3T.)

For many purposes an arithmetic average of
transferences, rather than of their logarithms,
might be adequate.(See the numerical example.)
One expects that to be so for eyes that are similar
although, at least for now, we have to be satisfied
with a vague statement like this. Nevertheless an
average based on an arithmetic average of trans-
ferences is fundamentally unsound and may have
unexpected consequences. It is best avoided.

The analysis here can be extended in principle
to 4x4 transferences and so allow for astigma-
tism. However the number of terms in Equation
8 increases and the mathematics becomes consid-
erably messier.

We have here touched on the matrix logarithm
only in its simplest application, perhaps, in optom-
etry. In my view it is destined to make an impact
on optometric research and, eventually, on opto-
metric practice.
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